
JOURNAL OF THE
CHUNGCHEONG MATHEMATICAL SOCIETY
Volume 35, No. 4, November 2022
http://dx.doi.org/10.14403/jcms.2022.35.3.277

A FEW CLASSES OF INFINITE SERIES IDENTITIES

FROM A MODULAR TRANSFORMATION FORMULA

Sung Geun Lim

Abstract. The author proved a modular transformation formula
for a function related to generalized non-holomorphic Eisenstein
series and, using this formula, established a lot of infinite series
identities. In this paper, we find more generalized series relations
which contain the author’s previous work.

1. Introduction

B. C. Berndt established a lot of infinite series identities from a
modular transformation formula for a function coming from general-
ized Eisenstein series([2, 3]). Especially some of identities which he
found are generalizations of Ramanujan’s formulae in [7]. Following his
work, the author considered a more general function which stems from
generalized non-holomorphic Eisenstein series([4]) and, using a modu-
lar transformation formula for this function, established a lot of infinite
series identities([5, 6]). In this paper, we find more generalized infinite
series identities.
We shall introduce the following notations. Let C be the set of com-
plex numbers. The branch of the argument for z ∈ C is defined by
−π ≤ arg z < π. For any non-negative integer n, the rising factorial
(x)n is defined by

(x)n = x(x+ 1) · · · (x+ n− 1) for n > 0, (x)0 = 1.

Let Γ(s) be the Gamma function. The confluent hypergeometric func-
tion of the first kind 1F1(α;β; z) is defined by

1F1(α;β; z) =

∞∑
n=0

(α)n
(β)nn!

zn
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and the confluent hypergeometric function of the second kind U(α, β, z)
is defined to be

U(α;β; z) =
Γ(1− β)

Γ(1 + α− β)
1F1(α;β; z) +

Γ(β − 1)

Γ(α)
z1−β

1F1(1 + α− β; 2− β; z).

Let 2F1(α, β; γ; z) be a hypergeometric function defined by

2F1(α, β; γ; z) =

∞∑
n=0

(α)n(β)n
(γ)nn!

zn,

which has the following integral representation, for Re(γ) > Re(α) > 0
and z ∈ C\[1,∞)([1], p. 65),

2F1(α, β; γ; z) =
Γ(γ)

Γ(α)Γ(γ − α)

∫ 1

0
tα−1(1− t)γ−α−1(1− zt)−β dt.

Let H = {τ ∈ C | Im(τ) > 0} be the upper half-plane. For real rk and
hk(k = 1, 2), let r = (r1, r2) and h = (h1, h2). For τ ∈ H and s1, s2 ∈ C
with s = s1 + s2, define

A(τ, s1, s2; r,h) =
∑

m+r1>0

∑
n−h2>0

e2πi(mh1+((m+r1)τ+r2)(n−h2))

(n− h2)1−s

×U(s2; s; 4π(m+ r1)(n− h2)Im(τ))

and

Ā(τ, s1, s2; r,h) =
∑

m+r1>0

∑
n+h2>0

e2πi(mh1−((m+r1)τ̄+r2)(n+h2))

(n+ h2)1−s

× U(s1; s; 4π(m+ r1)(n+ h2)Im(τ)).

Let

H(τ, s1, s2; r,h) = A(τ, s1, s2; r,h) + eπisA(τ, s1, s2;−r,−h)

and

H̄(τ, s1, s2; r,h) = Ā(τ, s1, s2; r,h) + eπisĀ(τ, s1, s2;−r,−h).

Let

H(τ, τ̄ , s1, s2; r,h) =
1

Γ(s1)
H(τ, s1, s2; r,h) +

1

Γ(s2)
H̄(τ, s1, s2; r,h).

For real x, y and t ∈ C with Re t > 1, let

ψ(x, y, t) =
∑

n+y>0

e2πinx

(n+ y)t

and

Ψ(x, y, t) = ψ(x, y, t) + eπitψ(−x,−y, t),
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Ψ−1(x, y, t) = ψ(x, y, t− 1) + eπitψ(−x,−y, t− 1).

The characteristic function of the integers is denoted by λ, i.e.,

λ(x) =

{
1, if x is an integer,

0, otherwise.

For a real number x, [x] denotes the greatest integer less than or equal
to x and {x} = x− [x]. Let

V τ =
aτ + b

cτ + d

denote a modular transformation with c > 0 for τ ∈ C. Let

R = (R1, R2) = (ar1 + cr2, br1 + dr2)

and

H = (H1, H2) = (dh1 − bh2,−ch1 + ah2).

The following theorem is the principal theorem which we shall use to
obtain main results.

Theorem 1.1. [4]. Let Q = {τ ∈ H | Re τ > −d/c} and ϱ =
c{R2} − d{R1}. Let s1, s2 ∈ C with s = s1 + s2 and assume that s is
not an integer less than or equal to 1. Then, for τ ∈ Q,

z−s1 z̄−s2H(V τ, V τ̄ , s1, s2; r,h) = H(τ, τ̄ , s1, s2;R,H)

+λ(R1)(2πi)
−se−πi(2R1H1+s2)Ψ(−H2,−R2, s)

−λ(r1)(2πi)−se−πi(2r1h1−s1)z−s1 z̄−s2Ψ(h2, r2, s)

+λ(H2)(4πIm(τ))1−s Γ(s− 1)

Γ(s1)Γ(s2)
Ψ−1(H1, R1, s)

−λ(h2)(4πIm(τ))1−s Γ(s− 1)

Γ(s1)Γ(s2)
zs2−1z̄s1−1Ψ−1(h1, r1, s)

+
(2πi)−se−πis2

Γ(s1)Γ(s2)
L(τ, τ̄ , s1, s2;R,H),

where z = cτ + d and

L(τ, τ̄ , s1, s2;R,H)

=
c∑

j=1

e−2πi(H1(j+[R1]−c)+H2([R2]+1−[(jd+ϱ)/c]+d))

×
∫ 1

0
vs1−1(1− v)s2−1

∫
C
us−1 e−(zv+z̄(1−v))(j−{R1})u/c

e−(zv+z̄(1−v))u − e2πi(cH1+dH2)

× e{(jd+ϱ)/c}u

eu − e−2πiH2
dudv,
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where C is a loop beginning at +∞, proceeding in the upper half-plane,
encircling the origin in the positive direction so that u = 0 is the only
zero of

(e−(zv+z̄(1−v))u − e2πi(cH1+dH2))(eu − e−2πiH2)

lying inside the loop and then returning to +∞ in the lower half plane.
Here, we choose the branch of us with 0 < arg u < 2π.

Let s = s1 + s2 be an integer. Suppose H1 = H2 = 0. The contour
integral in Theorem 1.1 can be evaluated by using the residue theorem,
i.e., we find that∫

C
us−1 e

−(zv+z̄(1−v))(j−{R1})u/c

e−(zv+z̄(1−v))u − 1

e{(ϱ+jd)/c}u

eu − 1
dudv

= 2πi
−s+2∑
k=0

Bk((j − {R1})/c)B̄−s+2−k((ϱ+ jd)/c)

k!(−s+ 2− k)!
(−z)k−1,

where Bn(x) is the n-th Bernoulli polynomial defined by

text

et − 1
=

∞∑
n=0

Bn(x)
tn

n!
(|t| < 2π).

2. A few classes of infinite series identities

In this section, we obtain new infinite series identities using Theorem
1.1. The Eulerian number E(n, j) is defined to be the number of permu-
tations of numbers from 1 to n such that exactly j numbers are greater
than the previous elements. Note that E(n, j) = E(n, n − j − 1). For
any integer n, the polylogarithm function Lin(z) is defined by

Lin(z) =
∞∑
k=1

zk

kn
,

where z ∈ C and |z| < 1. For n > 0, we see that

Li−n(z) =
1

(1− z)n+1

n−1∑
j=0

E(n, j)zn−j .

Here, we set

V τ =
τ − 1

cτ − c+ 1
,
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where c is a positive integer. For any integer k ≥ 1, let

µk =


1

2
, k odd,

0, k even.

Put r = (r, 0), 0 < r < 1, h = (0, 0) and cτ − c + 1 = π
α i. Let

s1 = A ≥ 1, s2 = −B ≤ 0 and s = s1 + s2 = 2N ≥ 2. Then, employing

U(−B; 2N ; 4π(m+ r)nIm(V τ))

= (−1)B(A− 1)!
B∑

k=0

(
B

k

)
(−4π(m+ r)nIm(V τ))k

(2N − 1 + k)!
,

we have

A(V τ,A,−B; r,h) =
∑

m+r>0

∞∑
n=1

e2πi(m+r)nV τ

n1−2N

×U(−B; 2N ; 4π(m+ r)nIm(V τ))

= (−1)B(A− 1)!
B∑

k=0

(
B

k

)
(−4α/c)k

(2N + k − 1)!

×
∞∑

m=0

∞∑
n=1

e−2(m+r)n(α−iπ)/c

(m+ r)−kn1−2N−k

= (−1)B(A− 1)!
B∑

k=0

(
B

k

)
(−4α/c)k

(2N + k − 1)!

×
∞∑

m=0

Li(1−2N−k)(e
−2(m+r)(α−iπ)/c)

(m+ r)−k
.

Put w = (m+r)(α− iπ)/c. Applying E(n, j) = E(n, n− j−1), we have

Li(1−2N−k)(e
−2w) =

1

(1− e−2w)2N+k

2N+k−2∑
j=0

E(2N + k − 1, j)

e2(2N+k−j−1)w

=
21−2N−k

sinh2N+k w

N+[k/2]−1∑′

j=0

cosh(2w(j + µk))

×E(2N + k − 1, N + [k/2]− j − 1),

where ′ means that if k is odd, then the term with j = 0 is multiplied
by 1

2 . Thus

A(V τ,A,−B; r,h) =
(−1)B(A− 1)!

22N−1

B∑
k=0

(
B

k

)
(−2α/c)k

(2N + k − 1)!
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×
N+[k/2]−1∑′

j=0

E(2N + k − 1, N + [k/2]− j − 1)

×
∞∑

m=0

cosh(2(m+ r)(j + µk)(α− iπ)/c)

(m+ r)−k sinh2N+k((m+ r)(α− iπ)/c)
.

Similarly we have

A(V τ,A,−B;−r,−h) =
(−1)B(A− 1)!

22N−1

B∑
k=0

(
B

k

)
(−2α/c)k

(2N + k − 1)!

×
N+[k/2]−1∑′

j=0

E(2N + k − 1, N + [k/2]− j − 1)

×
∞∑

m=0

cosh(2(m− r)(j + µk)(α− iπ)/c)

(m− r)−k sinh2N+k((m− r)(α− iπ)/c)
.

Hence we find

H(V τ,A,−B; r,h) =
1

(A− 1)!
(A(V τ,A,−B; r,h) +A(V τ,A,−B;−r,−h))

=
(−1)B

22N−1

B∑
k=0

(
B

k

)
(−2α/c)k

(2N + k − 1)!

×
N+[k/2]−1∑′

j=0

E(2N + k − 1, N + [k/2]− j − 1)

×

( ∞∑
m=0

cosh(2(m+ r)(j + µk)(α− iπ)/c)

(m+ r)−k sinh2N+k((m+ r)(α− iπ)/c)

+
∞∑

m=0

cosh(2(m− r)(j + µk)(α− iπ)/c)

(m− r)−k sinh2N+k((m− r)(α− iπ)/c)

)
.

By the same way, we obtain that

A(τ,A,−B;R,H) =

∞∑
m=0

∞∑
n=1

e−2(m+r)n(β+iπ)/c

n1−2N
U(−B; 2N ; 4β(m+ r)n/c)

=
(−1)B(A− 1)!

22N−1

B∑
k=0

(
B

k

)
(−2β/c)k

(2N + k − 1)!

×
N+[k/2]−1∑′

j=0

E(2N + k − 1, N + [k/2]− j − 1)
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×
∞∑

m=0

cosh(2(m+ r)(j + µk)(β + iπ)/c)

(m+ r)−k sinh2N+k((m+ r)(β + iπ)/c)
,

A(τ,A,−B;−R,−H) =
(−1)B(A− 1)!

22N−1

B∑
k=0

(
B

k

)
(−2β/c)k

(2N + k − 1)!

×
N+[k/2]−1∑′

j=0

E(2N + k − 1, N + [k/2]− j − 1)

×
∞∑

m=0

cosh(2(m− r)(j + µk)(β + iπ)/c)

(m− r)−k sinh2N+k((m− r)(β + iπ)/c)

and

H(τ,A,−B;R,H) =
(−1)B

22N−1

B∑
k=0

(
B

k

)
(−2β/c)k

(2N + k − 1)!

×
N+[k/2]−1∑′

j=0

E(2N + k − 1, N + [k/2]− j − 1)

×

( ∞∑
m=0

cosh(2(m+ r)(j + µk)(β + iπ)/c)

(m+ r)−k sinh2N+k((m+ r)(β + iπ)/c)

+
∞∑

m=0

cosh(2(m− r)(j + µk)(β + iπ)/c)

(m− r)−k sinh2N+k((m− r)(β + iπ)/c)

)
.

Using the residue theorem and the integral representation of the hyper-
geometric function, we have

(2πi)−se−πis2

Γ(s1)Γ(s2)
L(τ, τ̄ , s1, s2;R,H)

=
(−1)B(2πi)1−2N

Γ(2N)

c∑
j=1

2−2N∑
k=0

Bk((j − {R1})/c)B̄2−2N−k((ϱ+ j(1− c))/c)

k!(2− 2N − k)!

×
(
− iπ
α

)k−1

2F1(−B, 1− k, 2N ; 2)

=


c(1 + (−1)B)

4β(B + 1)
, N = 1,

0, N ≥ 2.

Finally, we obtain the following theorem.
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Theorem 2.1. Let α, β > 0 with αβ = π2 and let 0 < r < 1. For
any integers B ≥ 0 and N ≥ 1,

(−1)BαN
B∑

k=0

(
B

k

)
(−2α/c)k

(2N + k − 1)!

N+[k/2]−1∑′

j=0

E(2N + k − 1, N + [k/2]− j − 1)

×

( ∞∑
m=0

cosh(2(m+ r)(j + µk)(α− iπ)/c)

(m+ r)−k sinh2N+k((m+ r)(α− iπ)/c)

+

∞∑
m=0

cosh(2(m− r)(j + µk)(α− iπ)/c)

(m− r)−k sinh2N+k((m− r)(α− iπ)/c)

)

= (−β)N
B∑

k=0

(
B

k

)
(−2β/c)k

(2N + k − 1)!

N+[k/2]−1∑′

j=0

E(2N + k − 1, N + [k/2]− j − 1)

×

( ∞∑
m=0

cosh(2(m+ r)(j + µk)(β + iπ)/c)

(m+ r)−k sinh2N+k((m+ r)(β + iπ)/c)

+
∞∑

m=0

cosh(2(m− r)(j + µk)(β + iπ)/c)

(m− r)−k sinh2N+k((m− r)(β + iπ)/c)

)
−νN (B, c),

where

νN (B, c) =


c(1 + (−1)B)

2(B + 1)
, N = 1,

0, N ≥ 2.

The case of r = 1
2 in Theorem 2.1 is evaluated in [5]

Corollary 2.2. Let α, β > 0 with αβ = π2. For any integer N ≥ 1,

αN
N−1∑
j=0

E(2N − 1, N − j − 1)

×
∑

m≡1,2 (mod 3)

cosh(2mj(α− iπ)/3)

sinh2N (m(α− iπ)/3)

= (−β)N
N−1∑
j=0

E(2N − 1, N − j − 1)

×
∑

m≡1,2 (mod 3)

cosh(2mj(β + iπ)/3)

sinh2N (m(β + iπ)/3)
− νN (0, 1).

Proof. Put r = 1
3 , B = 0 and c = 1 in Theorem 2.1.
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Corollary 2.3. We have
∞∑

m=1

csch2(mπ(1− i)/3) +
∞∑

m=1

csch2(mπ(1 + i)/3)

= 2

∞∑
m=1

csch2(mπ)− 2

π
.

Proof. Let α = β = π and N = 1 in Corollary 2.2. Then∑
m≡1,2 (mod 3)

csch2(mπ(1− i)/3)

= −
∑

m≡1,2 (mod 3)

csch2(mπ(1 + i)/3)− 2

π
.

Use sinh(mπ(1± i)) = (−1)m sinh(mπ) to obtain the result.

The identity in Corollary 2.3 can be written as a different form. By
using

csch(mπ(1± i)/3) =
sinh(mπ/3) cos(mπ/3)

sinh2(mπ/3) + sin2(mπ/3)
∓ i

cosh(mπ/3) sin(mπ/3)

sinh2(mπ/3) + sin2(mπ/3)
,

we see that

csch2(mπ(1− i)/3) + csch2(mπ(1 + i)/3)

= 2
sinh2(mπ/3) cos2(mπ/3)− cosh2(mπ/3) sin2(mπ/3)

(sinh2(mπ/3) + sin2(mπ/3))2

= 2
sinh2(mπ/3)− cosh(2mπ/3) sin2(mπ/3)

(sinh2(mπ/3) + sin2(mπ/3))2
.

Applying sin2(mπ
3 ) = 3

4 for m ≡ 1, 2 (mod 3), we have∑
m≡1 (mod 3)

4 sinh2(mπ/3)− 3 cosh(2mπ/3)

(4 sinh2(mπ/3) + 3)2

= −
∑

m≡2 (mod 3)

4 sinh2(mπ/3)− 3 cosh(2mπ/3)

(4 sinh2(mπ/3) + 3)2
− 1

4π
.

Now we compute another infinite series identity by changing the
values of s1, s2. Put r = (r, 0), 0 < r < 1 and h = (0, 0). Let
s1 = A+ 1 ≥ 1, s2 = B + 1 ≥ 1 and s = s1 + s2 = 2N + 2 ≥ 4. In this



286 Sung Geun Lim

case, for any integer k ≥ 1, we put

k̂ =

[
k − 1

2

]
, υk =

0, k odd,
1

2
, k even.

Let z = cτ − c+ 1 and put z = π
α i. Then, using

e2πi((m+r)τ−r)n = e−2n(m+r)(β+iπ)/c

and

U(B + 1; 2N + 2; 4π(m+ r)nIm(τ))

=
1

B!

A∑
k=0

(
A

k

)
(2N − k)!

(4π(m+ r)nβ/c)2N−k+1
,

we have

A(τ, s1, s2;R,H) =
1

B!

A∑
k=0

(
A

k

)
(2N − k)!

(4β/c)2N−k+1

∞∑
m=0

Li−k(e
−2(m+r)(β+iπ)/c)

(m+ r)2N−k+1

=
1

B!

A∑
k=1

(
A

k

)
2−k(2N − k)!

(4β/c)2N−k+1

k̂∑′

j=0

E(k, k̂ − j)

×
∞∑

m=0

cosh(2(m+ r)(j + υk)(β + iπ)/c)

(m+ r)2N−k+1 sinhk+1((m+ r)(β + iπ)/c)

+
(2N)!

B!(4β/c)2N+1

∞∑
m=0

(m+ r)−2N−1

e2(m+r)(β+iπ)/c − 1
,

where ′ means that if k is odd, then the term with j = 0 is multiplied
by 1

2 . By the same way, other functions can be evaluated, namely, we
have

A(τ, s1, s2;−R,−H) =
1

B!

A∑
k=1

(
A

k

)
2−k(2N − k)!

(4β/c)2N−k+1

k̂∑′

j=0

E(k, k̂ − j)

×
∞∑

m=1

cosh(2(m− r)(j + υk)(β + iπ)/c)

(m− r)2N−k+1 sinhk+1((m− r)(β + iπ)/c)

+
(2N)!

B!(4β/c)2N+1

∞∑
m=1

(m− r)−2N−1

e2(m−r)(β+iπ)/c − 1
,

Ā(τ, s1, s2;R,H) =
1

A!

B∑
k=1

(
B

k

)
2−k(2N − k)!

(4β/c)2N−k+1

k̂∑′

j=0

E(k, k̂ − j)
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×
∞∑

m=0

cosh(2(m+ r)(j + υk)(β − iπ)/c)

(m+ r)2N−k+1 sinhk+1((m+ r)(β − iπ)/c)

+
(2N)!

A!(4β/c)2N+1

∞∑
m=0

(m+ r)−2N−1

e2(m+r)(β−iπ)/c − 1
,

Ā(τ, s1, s2;−R,−H) =
1

A!

B∑
k=1

(
B

k

)
2−k(2N − k)!

(4β/c)2N−k+1

k̂∑′

j=0

E(k, k̂ − j)

×
∞∑

m=1

cosh(2(m− r)(j + υk)(β − iπ)/c)

(m− r)2N−k+1 sinhk+1((m− r)(β − iπ)/c)

+
(2N)!

A!(4β/c)2N+1

∞∑
m=1

(m− r)−2N−1

e2(m−r)(β−iπ)/c − 1
,

A(V τ, s1, s2; r,h) =
1

B!

A∑
k=1

(
A

k

)
2−k(2N − k)!

(4α/c)2N−k+1

k̂∑′

j=0

E(k, k̂ − j)

×
∞∑

m=0

cosh(2(m+ r)(j + υk)(α− iπ)/c)

(m+ r)2N−k+1 sinhk+1((m+ r)(α− iπ)/c)

+
(2N)!

B!(4α/c)2N+1

∞∑
m=0

(m+ r)−2N−1

e2(m+r)(α−iπ)/c − 1
,

A(V τ, s1, s2;−r,−h) =
1

B!

A∑
k=1

(
A

k

)
2−k(2N − k)!

(4α/c)2N−k+1

k̂∑′

j=0

E(k, k̂ − j)

×
∞∑

m=1

cosh(2(m− r)(j + υk)(α− iπ)/c)

(m− r)2N−k+1 sinhk+1((m− r)(α− iπ)/c)

+
(2N)!

B!(4α/c)2N+1

∞∑
m=1

(m− r)−2N−1

e2(m−r)(α−iπ)/c − 1
,

Ā(V τ, s1, s2; r,h) =
1

A!

B∑
k=1

(
B

k

)
2−k(2N − k)!

(4α/c)2N−k+1

k̂∑′

j=0

E(k, k̂ − j)

×
∞∑

m=0

cosh(2(m+ r)(j + υk)(α+ iπ)/c)

(m+ r)2N−k+1 sinhk+1((m+ r)(α+ iπ)/c)
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+
(2N)!

A!(4α/c)2N+1

∞∑
m=0

(m+ r)−2N−1

e2(m+r)(α+iπ)/c − 1
,

Ā(V τ, s1, s2;−r,−h) =
1

A!

B∑
k=1

(
B

k

)
2−k(2N − k)!

(4α/c)2N−k+1

k̂∑′

j=0

E(k, k̂ − j)

×
∞∑

m=1

cosh(2(m− r)(j + υk)(α+ iπ)/c)

(m− r)2N−k+1 sinhk+1((m− r)(α+ iπ)/c)

+
(2N)!

A!(4α/c)2N+1

∞∑
m=1

(m− r)−2N−1

e2(m−r)(α+iπ)/c − 1
.

It is easy to see that

Ψ−1(H1, R1, s) = ψ(0, r, 2N + 1) + ψ(0,−r, 2N + 1)
= ζ(2N + 1, r) + ζ(2N + 1, 1− r),

Ψ−1(h1, r1, s) = ψ(0, r, 2N + 1) + ψ(0,−r, 2N + 1)
= ζ(2N + 1, r) + ζ(2N + 1, 1− r),

z−s1 z̄−s2 = (−1)B+1αN+1(−β)−N−1,

zs2−1z̄s1−1 = (−1)Bα−N (−β)N .
Note that s = 2N +2 ≥ 4. Then, by using the residue theorem, we have

1

Γ(s1)(s2)
L(τ, τ̄ , s1, s2;R,H) = 0.

We now obtain the following theorem.

Theorem 2.4. Let α, β > 0 with αβ = π2 and let 0 < r < 1. For
any integers A ≥ 0, B ≥ 0 and N ≥ 1 with A+B = 2N ,

(−1)Bα−N
A∑

k=1

(
A

k

)
(2N − k)!

(2α/c)−k

k̂∑′

j=0

E(k, k̂ − j)

×
∞∑

m=0

cosh(2(m+ r)(j + υk)(α− iπ)/c)

(m+ r)2N−k+1 sinhk+1((m+ r)(α− iπ)/c)

+(−1)B(2N)!α−N
∞∑

m=0

(m+ r)−2N−1

e2(m+r)(α−iπ)/c − 1

+(−1)Bα−N
A∑

k=1

(
A

k

)
(2N − k)!

(2α/c)−k

k̂∑′

j=0

E(k, k̂ − j)



Infinite series identities 289

×
∞∑

m=1

cosh(2(m− r)(j + υk)(α− iπ)/c)

(m− r)2N−k+1 sinhk+1((m− r)(α− iπ)/c)

+(−1)B(2N)!α−N
∞∑

m=1

(m− r)−2N−1

e2(m−r)(α−iπ)/c − 1

+(−1)Bα−N
B∑

k=1

(
B

k

)
(2N − k)!

(2α/c)−k

k̂∑′

j=0

E(k, k̂ − j)

×
∞∑

m=0

cosh(2(m+ r)(j + υk)(α+ iπ)/c)

(m+ r)2N−k+1 sinhk+1((m+ r)(α+ iπ)/c)

+(−1)B(2N)!α−N
∞∑

m=0

(m+ r)−2N−1

e2(m+r)(α+iπ)/c − 1

+(−1)Bα−N
B∑

k=1

(
B

k

)
(2N − k)!

(2α/c)−k

k̂∑′

j=0

E(k, k̂ − j)

×
∞∑

m=1

cosh(2(m− r)(j + υk)(α+ iπ)/c)

(m− r)2N−k+1 sinhk+1((m− r)(α+ iπ)/c)

+(−1)B(2N)!α−N
∞∑

m=1

(m− r)−2N−1

e2(m−r)(α+iπ)/c − 1

+(−1)B(2N)!α−N (ζ(2N + 1, r) + ζ(2N + 1, 1− r))

= (−1)Nβ−N
A∑

k=1

(
A

k

)
(2N − k)!

(2β/c)−k

k̂∑′

j=0

E(k, k̂ − j)

×
∞∑

m=0

cosh(2(m+ r)(j + υk)(β + iπ)/c)

(m+ r)2N−k+1 sinhk+1((m+ r)(β + iπ)/c)

+(−1)N (2N)!β−N
∞∑

m=0

(m+ r)−2N−1

e2(m+r)(β+iπ)/c − 1

+(−1)Nβ−N
A∑

k=1

(
A

k

)
(2N − k)!

(2β/c)−k

k̂∑′

j=0

E(k, k̂ − j)

×
∞∑

m=1

cosh(2(m− r)(j + υk)(β + iπ)/c)

(m− r)2N−k+1 sinhk+1((m− r)(β + iπ)/c)

+(−1)N (2N)!β−N
∞∑

m=1

(m− r)−2N−1

e2(m−r)(β+iπ)/c − 1
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+(−1)Nβ−N
B∑

k=1

(
B

k

)
(2N − k)!

(2β/c)−k

k̂∑′

j=0

E(k, k̂ − j)

×
∞∑

m=0

cosh(2(m+ r)(j + υk)(β − iπ)/c)

(m+ r)2N−k+1 sinhk+1((m+ r)(β − iπ)/c)

+(−1)N (2N)!β−N
∞∑

m=0

(m+ r)−2N−1

e2(m+r)(β−iπ)/c − 1

+(−1)Nβ−N
B∑

k=1

(
B

k

)
(2N − k)!

(2β/c)−k

k̂∑′

j=0

E(k, k̂ − j)

×
∞∑

m=1

cosh(2(m− r)(j + υk)(β − iπ)/c)

(m− r)2N−k+1 sinhk+1((m− r)(β − iπ)/c)

+(−1)N (2N)!β−N
∞∑

m=1

(m− r)−2N−1

e2(m−r)(β−iπ)/c − 1

+(−1)N (2N)!β−N (ζ(2N + 1, r) + ζ(2N + 1, 1− r)) .

Note that the series in Theorem 2.4 contains sums of complex conju-
gates, which shows they are real. A specific case(r = 1

2) of Theorem 2.4
is established in [6]

Corollary 2.5. Let 0 < r < 1 and let A ̸≡ B (mod 4). Then

A∑
k=1

(
A

k

)
(2N − k)!

(2π/c)−k

k̂∑′

j=0

E(k, k̂ − j)

×
∞∑

m=0

cosh(2(m+ r)(j + υk)(π − iπ)/c)

(m+ r)2N−k+1 sinhk+1((m+ r)(π − iπ)/c)

+
A∑

k=1

(
A

k

)
(2N − k)!

(2π/c)−k

k̂∑′

j=0

E(k, k̂ − j)

×
∞∑

m=1

cosh(2(m− r)(j + υk)(π − iπ)/c)

(m− r)2N−k+1 sinhk+1((m− r)(π − iπ)/c)

+

B∑
k=1

(
B

k

)
(2N − k)!

(2π/c)−k

k̂∑′

j=0

E(k, k̂ − j)

×
∞∑

m=0

cosh(2(m+ r)(j + υk)(π + iπ)/c)

(m+ r)2N−k+1 sinhk+1((m+ r)(π + iπ)/c)
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+

B∑
k=1

(
B

k

)
(2N − k)!

(2π/c)−k

k̂∑′

j=0

E(k, k̂ − j)

×
∞∑

m=1

cosh(2(m− r)(j + υk)(π + iπ)/c)

(m− r)2N−k+1 sinhk+1((m− r)(π + iπ)/c)

+
∞∑

m=0

(2N)!

(m+ r)2N+1

cos(2π(m+ r)/c)− e−2π(m+r)/c

cosh(2π(m+ r)/c)− cos(2π(m+ r)/c)

+

∞∑
m=1

(2N)!

(m− r)2N+1

cos(2π(m− r)/c)− e−2π(m−r)/c

cosh(2π(m− r)/c)− cos(2π(m− r)/c)

=
(2N)!

2
(ζ(2N + 1, r) + ζ(2N + 1, 1− r)) .

Proof. Put α = β = π in Theorem 2.4 and assume that B and N
have the different parity. Apply

1

ex+iy − 1
+

1

ex−iy − 1
=

cos y − e−x

coshx− cos y

to obtain the desired result.

Corollary 2.6. Let 0 < r < 1. For any positive integer N ,

4N−2∑
k=1

(2π)k

k!

k̂∑′

j=0

E(k, k̂ − j)

×
∞∑

m=0

cosh(2(m+ r)(j + υk)(π − iπ))

(m+ r)4N−k−1 sinhk+1((m+ r)(π − iπ))

+

4N−2∑
k=1

(2π)k

k!

k̂∑′

j=0

E(k, k̂ − j)

×
∞∑

m=1

cosh(2(m− r)(j + υk)(π − iπ))

(m− r)4N−k−1 sinhk+1((m− r)(π − iπ))

+
∞∑

m=0

1

(m+ r)4N−1

cos(2πr)− e−2π(m+r)

cosh(2π(m+ r))− cos(2πr)

+

∞∑
m=1

1

(m− r)4N−1

cos(2πr)− e−2π(m−r)

cosh(2π(m− r))− cos(2πr)

=
1

2
(ζ(4N − 1, r) + ζ(4N − 1, 1− r)) .

Proof. Put c = 1, B = 0 and α = β = π in Theorem 2.4. Replace N
by 2N − 1.
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The following two corollaries show elegant symmetric series relations
with respect to α and β.

Corollary 2.7. Let α, β > 0 with αβ = π2 and let 0 < r < 1. For
any integer N ≥ 1,

α−N
N∑
k=1

(
N

k

)
(2N − k)!

(2α/c)−k

k̂∑′

j=0

E(k, k̂ − j)

×
∞∑

m=0

cosh(2(m+ r)(j + υk)(α− iπ)/c)

(m+ r)2N−k+1 sinhk+1((m+ r)(α− iπ)/c)

+(2N)!α−N
∞∑

m=0

(m+ r)−2N−1

e2(m+r)(α−iπ)/c − 1

+α−N
N∑
k=1

(
N

k

)
(2N − k)!

(2α/c)−k

k̂∑′

j=0

E(k, k̂ − j)

×
∞∑

m=1

cosh(2(m− r)(j + υk)(α− iπ)/c)

(m− r)2N−k+1 sinhk+1((m− r)(α− iπ)/c)

+(2N)!α−N
∞∑

m=1

(m− r)−2N−1

e2(m−r)(α−iπ)/c − 1

+α−N
N∑
k=1

(
N

k

)
(2N − k)!

(2α/c)−k

k̂∑′

j=0

E(k, k̂ − j)

×
∞∑

m=0

cosh(2(m+ r)(j + υk)(α+ iπ)/c)

(m+ r)2N−k+1 sinhk+1((m+ r)(α+ iπ)/c)

+(2N)!α−N
∞∑

m=0

(m+ r)−2N−1

e2(m+r)(α+iπ)/c − 1

+α−N
N∑
k=1

(
N

k

)
(2N − k)!

(2α/c)−k

k̂∑′

j=0

E(k, k̂ − j)

×
∞∑

m=1

cosh(2(m− r)(j + υk)(α+ iπ)/c)

(m− r)2N−k+1 sinhk+1((m− r)(α+ iπ)/c)

+(2N)!α−N
∞∑

m=1

(m− r)−2N−1

e2(m−r)(α+iπ)/c − 1

+(2N)!α−N (ζ(2N + 1, r) + ζ(2N + 1, 1− r))
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= β−N
N∑
k=1

(
N

k

)
(2N − k)!

(2β/c)−k

k̂∑′

j=0

E(k, k̂ − j)

×
∞∑

m=0

cosh(2(m+ r)(j + υk)(β + iπ)/c)

(m+ r)2N−k+1 sinhk+1((m+ r)(β + iπ)/c)

+(2N)!β−N
∞∑

m=0

(m+ r)−2N−1

e2(m+r)(β+iπ)/c − 1

+β−N
N∑
k=1

(
N

k

)
(2N − k)!

(2β/c)−k

k̂∑′

j=0

E(k, k̂ − j)

×
∞∑

m=1

cosh(2(m− r)(j + υk)(β + iπ)/c)

(m− r)2N−k+1 sinhk+1((m− r)(β + iπ)/c)

+(2N)!β−N
∞∑

m=1

(m− r)−2N−1

e2(m−r)(β+iπ)/c − 1

+β−N
N∑
k=1

(
N

k

)
(2N − k)!

(2β/c)−k

k̂∑′

j=0

E(k, k̂ − j)

×
∞∑

m=0

cosh(2(m+ r)(j + υk)(β − iπ)/c)

(m+ r)2N−k+1 sinhk+1((m+ r)(β − iπ)/c)

+(2N)!β−N
∞∑

m=0

(m+ r)−2N−1

e2(m+r)(β−iπ)/c − 1

+β−N
N∑
k=1

(
N

k

)
(2N − k)!

(2β/c)−k

k̂∑′

j=0

E(k, k̂ − j)

×
∞∑

m=1

cosh(2(m− r)(j + υk)(β − iπ)/c)

(m− r)2N−k+1 sinhk+1((m− r)(β − iπ)/c)

+(2N)!β−N
∞∑

m=1

(m− r)−2N−1

e2(m−r)(β−iπ)/c − 1

+(2N)!β−N (ζ(2N + 1, r) + ζ(2N + 1, 1− r)) .

Proof. Let A = B in Theorem 2.4.

Corollary 2.8. Let α, β > 0 with αβ = π2 and let 0 < r < 1.
Then

∞∑
m=0

2 cos(2πr) cosh(2(m+ r)α)

(m+ r)2(cosh(2(m+ r)α)− cos(2πr))2
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+
∞∑

m=1

2 cos(2πr) cosh(2(m− r)α)

(m− r)2(cosh(2(m− r)α)− cos(2πr))2

+α−1
∞∑

m=0

cos(2πr)− e−2(m+r)α

(m+ r)3(cosh(2(m+ r)α)− cos(2πr))

α−1
∞∑

m=1

cos(2πr)− e−2(m−r)α

(m− r)3(cosh(2(m− r)α)− cos(2πr))

+α−1 (ζ(3, r) + ζ(3, 1− r))

=
∞∑

m=0

2 cos(2πr) cosh(2(m+ r)β)

(m+ r)2(cosh(2(m+ r)β)− cos(2πr))2

+

∞∑
m=1

2 cos(2πr) cosh(2(m− r)β)

(m− r)2(cosh(2(m− r)β)− cos(2πr))2

+β−1
∞∑

m=0

cos(2πr)− e−2(m+r)β

(m+ r)3(cosh(2(m+ r)β)− cos(2πr))

β−1
∞∑

m=1

cos(2πr)− e−2(m−r)β

(m− r)3(cosh(2(m− r)β)− cos(2πr))

+β−1 (ζ(3, r) + ζ(3, 1− r)) .

Proof. Put A = B = 1 and c = 1 in Corollary 2.7. Using

sinh2(x± iy) =
1

2
(cosh(2x± i2y)− 1)

and
cosh(x± iy) = coshx cos y ± i sinhx sin y,

the proof is done.
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